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1 Introduction 



For a simple graph T, we use V(Y), E(Y) and Aut(T) to denote its vertex set, edge set and 
full automorphism group, respectively. We denote by N r (v) the neighbourhood of a vertex 
v in T. Let G be a finite group and S a subset of G not containing the identity element 1 
with S = S ~ l . The Cay ley graph Y : = Y(G, S ) on G with respect to S is defined by 

V(T)=G, E(T)={(g,sg):geG, seS}. 

Clearly, T is a |5 |-regular and vertex-transitive graph, since Aut(T) contains the right regular 
representation R(G) of G . Moreover, Y is connected if and only if G is generated by S. 

Let S n be the symmetric group and A n the alternating group on X = [1,2, * • *,«}. Let 
T) n := {cr e S n : x " ^ x, Vx e X} and £„ := £)„ PiA„ denote the degrangements and the even 
derangements on X respectively. Then the graph r„ := r(S„, D n ) and AY n := Y(A n ,S n ) are 
called the derangement graph [fT9l and the even derangement graph on X respectively. 

The tensor product Y\ <g> Y2 of two graphs Y\ and Y 2 is the graph with vertex set V(Yi) x 
V(r 2 ) and edge set consisting of those pairs of vertices {u\, u 2 ), (vi, v 2 ) where u\ is adjacent 
to vi in Y\ and u 2 is adjacent to v 2 in T 2 . A projection is a homomorphism pr, „ : Y q — > T 
given by pr iitl (xi, x 2 , ■ • ■ ,x q ) = x, for some where is the tensor product of q copies of a 
graph T. By the definition of tensor product, it is easy to see that AY^ is the Cayley graph 
Y(A q m Si), where A q n is the direct product of q copies of A n and := {(cri, <x 2 , • • • , o~ q ) : 
o-i e G n ,i = 1,2, • • -,q}. 

A family / c S n is intersecting if any two elements have at least one common entry. It is 
easy to see that an intersecting family of maximal size in S n corresponds to a maximum-size 
independent set in Y n . In [3], Cameron and Ku showed that the only intersecting families 
of maximal size in S n are the cosets of point stabilizers. In [fT6l , Ku and Wong proved 
that analogous results hold for the alternating group and the direct product of symmetric 
groups, which equivalently shows that the structure of maximum-size independent sets of 
AY n is as follows: 

Proposition 1.1 (Theorem 1.2 in [16\) All the maximum-size independent sets of AY n (n > 
5) are Bjj = {cr e A n : f = j}, i,j= 1, 2, • • • ,n. In particular, each \B t j\ = ^y^-. 

In this paper, we prove that the result analogous to @ holds for the direct product of 
the alternating groups, which can be equivalently stated as follows: 
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Theorem 1.2 All the maximum-size independent sets ofAY q (q > 1, n > 5) are 



Bl> = {(cr u £T 2 , ■ • • , <r 4 ) 6 A« : f* = /}, i, j = 1, 2, • • • ,n; £ = 1, 2 • • • , 9 . 

Zn particular, the independence number of AY\ is 

(k) = (n-l)lnl^ 

Remark. Generally speaking, for a graph T, all maximum-size independent sets of Y q 
are not necessarily preimages of maximum-size independent sets of Y under projections 
(see lfT5l [T8l0 . Theorem 11.21 shows that all maximum-size independent sets of AY q are 
preimages of maximum-size independent sets of AY n under projections. 

Many researchers (see J3l ffi |5l [T71 [19l |20]|) have studied the properties of Y n , such 
as the clique number, the chromatic number, the independence number, maximum- size 
independent sets and so on. Motivated by the nice structures of Y n , here we show that AY q t 
have the similar nice structures. For example, we obtain that the diameter D(AY%) = 2, the 
clique number aj(AY%) = n and the chromatic number x(AY q n ) = n. 

Cayley graphs are of general interest in the field of Algebraic Graph Theory due to 
their good properties, especially their high symmetry. One difficult problem in Algebraic 
Graph Theory is to determine the automorphism groups of Cayley graphs. Although there 
are some nice results on the automorphism groups of Cayley graphs (see (61 [H [TOl EES 
1231 1241 l25l ). we still lack enough understanding on them. In this paper, we completely 
determine the automorphism groups of AY q n , which in fact gives a kind of method on the 
computation of automorphism group of Cayley graph by using the characterization of the 
maximum-size independent sets. Another main result of this paper is as follows: 

Theorem 1.3 Define the mapping <p k : A\ — > A q n as (o-\, • ■ ■ , cr k _i,o-k, cr fc+1 , • ■ • , cr^)** = 
(cr u ---,o- k _ u o- k - 1 ,o- k+ u---,crq)fork= 1,2,- --,q. For q > 1 andn > 5, 

Aut(A^) = (R(Al) x (Inn(5„) lS q ))x Z q 2 , 

where Inn(5„) ( = S n ) is the inner automorphism group of S n , Z q 2 = (<pi) X (ip 2 ) X • • • (<p q ) 
and Inn(5„) I S q denotes the wreath product of Inn(S„) and S q . 

Remark. Sanders and George [ETJ showed that for a graph Y, Aut(T 2 ) > Aut(r) I S 2 , 
where I denotes the wreath product, however, the equality cannot hold in most situations. 
Theorem [T31 implies that Aut(AT^) = Aut(AT„) I S q . 
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The rest part of this paper is organized as follows. In Section 2, we give the connect- 
edness and diameter of AY q n . In Section 3, we determine the independence number and the 
structure of maximum- size independent sets of AT%, as its corollary, we obtain the clique 
number and chromatic number of AT'!,. In section 4, we completely determine the full au- 
tomorphism groups of AI^. 

2 The connectedness and diameter 

In this section, we give the connectedness and diameter of AT%. 

For a group G, we denote the automorphism group and the inner automorphism group 
of G by Aut(G) and Inn(G), respectively. Next we need the following known result: 

Proposition 2.1 \M UU, (2.17) - (2.20)] Ifn > 2 and n * 6, then Aut(A„) = Inn(S n ). // 
n = 6, then |Aut(Ae) : Inn(56)| = 2, and for each a e Aut(A6)\Inn(S 6 X a maps a 3-cycle to 
a product of two disjoint 3 -cycles. 

Lemma 2.2 Ifn>5, then the even derangement graph AY„ is connected. 

Proof. By Theorem 2.8 of page 293 in If22l . the alternating group A n (n > 5) is gener- 
ated by the totality of 3-cycles. Clearly (1 2 3) = (1 2 • • • nf ■ (nn - 1 • • • 1) 2 (1 2 3) and 
(1 2 • • • n) 2 , {nn-\ ■■■ 1) 2 (1 2 3) e 6 n by n > 5. 

For any 3-cycle (i jk), there exists a <p e Inn(5„) such that (1 2 3)^ = (i jk). By Propo- 
sition l2.1[ we have Aut(A,,,6 n ) = {<p e Aut(A„) : &t = &n\ = Inn(5„). Thus 

(i jk) = (1 2 3)* = [(1 2 • • • nff ■ [(n n - 1 • • • 1) 2 (1 2 3)]* 

and 

[(12 ■■■riff, [(nn-1 ■■■ 1) 2 (1 2 3)]* e £„. 

So the alternating group A n (n > 5) is generated by £„, which implies that Ar„ is connected.H 

Remark. If n = 3, clearly A 3 = (£3), so Ar 3 is connected. If n = 4, then A 4 ^ (£4) = 
{1, (12)(3 4), (13)(24), (14)(2 3)}, soAr 4 is not connected. 

Lemma 2.3 '^ 2| (i) The tensor product of two connected graphs is bipartite if and only if 
at least one of them is bipartite. 

( ii) The tensor product of two connected graphs is disconnected if and only if both 
factors are bipartite. 
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Theorem 2.4 AT% is connected and non-bipartite for any q>\ and n > 5. 

Proof. Since ATI = AT n <g> • • • ® AT n and AY n is connected and non-bipartite for n > 5 by 

Lemma [231 the assertion holds by Lemma [2731 ■ 

Lemma 2.5 For any gi,g2 £ A„ (n > 5), f/iere existe a g e A n such that g e A^r„(gi) n 
A^r n (g 2 )- 

Proof. If n = 5, we have 

(fli, o^X^, 6(4) = (a5,ai,a3,a2,a4)(ai,a$,a3,a2,a4), 
(a\, a 2 , a%) = (fli, a$, ai,, a^,a 2 ){a\, ai,, a$, 612,6(4), 

1 = (a 1, a 2 , «3, «4, 05)0*5, #4, ^3, ^2, ^l), 

that is, for any x e A 5 , there exist s u s 2 e £5 such that jc = 5 ll s , 2 - Now for x = gi^'.we have 
g x gl l = sis 2 , s u s 2 e 6 5 , i.e. g x = *i ^2- Set g := s 2 g 2 . Clearly g e iV A r 5 (gi) n A^fe)- 

If n > 6, by proposition 6 in [3], for any g\,g 2 6 A ra , there exists a g e S„ such that 
g e Af r „(gi) n N Tn (g2)- That is, there exist si, j 2 e £>„ such that g = sigi = s 2 g 2 . If g e A n , 
then si, ^ 2 e £„, so g e A^Ar„(gi) n N A r„(S2) and the assertion holds. If g e 5„ \ A n , then 
5i, 5 2 6 \ For any i e X = {1,2, • ■ -,n}, select & j e [i, i si , i S2 , ft 1 , ft 1 } + (n > 6). 
Set 

g' := 0' /)g, := (0>i. 4 : = 0' J>2- 

Thus g' = s\g x = s' 2 g 2 and 5;, s' 2 e 6 n by j eX\ {i, i s \ i" 2 , i s i\ i 3 ?}. Hence g' e A^tei) n 
A^r„(g2) and the assertion holds. ■ 

Theorem 2.6 Ifn>5, then diam{AT q n ) = 2, where diam(AT q n ) is the diameter ofAT%. 

Proof. For any {cr\ , <x 2 , • • • , o" g ), (n , r%, • • • , T q ) e A,t, by Lemma [231 there exist & e A„ (i = 
1, 2, • • • , q) such that e N A rMd n N ATn (Ti)- So there exists a (fi, $- 2 , ■ • • , £?) e A^ such 
that 

ft, • • • , G Na^Ho-! , 0- 2 , • • • , CT 9 )) n A^r|((Ti , T 2 , • • • , T q )), 

which implies that any two vertices in Ar,^ have at least a common neighbourhood. Hence 
diam(ATn) = 2. ■ 
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3 The stucture of maximum-size independent sets 



In this section we characterize the structure of maximum-size independent sets of AY„ for 
q > 1, which is a generalization of Theorem 1.2 in lfT6ll . First we give the independence 
number of ATI as follows: 



Lemma 3.1 For any q > 1, n > 5, the independence number ofAY^ is given by 

Proof. By Proposition 1.3 in Q, we have 

orCAT*) a(AT n ) a(AT n ) ■ \A q n \ 

i^r = — ^ a(AY " ) = ^A^- 

Then by Proposition !!.!! we obtain 

a(Ar , ;> . zt^SL (■-'>■--. 

2 L 

Thus the assertion holds.H 

For any two graphs H\ and H 2 , a map cf> from V(H{) to V(H2) is homomorphism if 
{i/, v 1 *} 6 E(H 2 ) whenever {u, v} 6 E(Hi), i.e. is a edge-preserving map. Next we need 
the following fundamental result of Albertson and Collins [1J which is also called 'No- 
Homomorphism Lemma' . 

Lemma 3.2 [ij Let Hi and H 2 be graphs such that H 2 is vertex transitive and there exists 
a homomorphism (p '■ V(H{) — > V(H 2 ). Then 

aCHO > a(H 2 ) 



\V(Hi)\ ~ \V(H 2 )\ 

Furthermore, if equality holds in ©, then for any independent set I of cardinality a(H 2 ) in 
H 2 , P 1 is an independent set of cardinality a{H\) in H\. 

Lemma 3.3 Let H = (Vi, V 2 ,E) be a d-regular bipartite graph whose partition has the 
parts V\ and V 2 with \V\\ = \V 2 \. If H is connected, then \S\ < \Nii(S)\for any S c V\, 
where N H (S) is the neighborhood of S in H. 
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Proof. Let T = N H (S) and E(S, T) = {(s, t) e E : s e S,t e T}. Then 

d\S\ = \E(S,T)\<\E(V u T)\ = d\T\. 

If \S\ = \T\, then E(S, T)\ = \E(V\, T)\, i.e. any vertex u e S U T is not adjacent to any 
vertex v i S U T, which contradicts the connectedness of H. Thus \S \ < \T\ = \Njj(S)\. ■ 



Lemma 3.4 All the maximum-size independent sets of AY\ (n > 7) are 

= {(gugi) 6 Al : i» = j}, z, j = 1, 2, • • • , n; k = 1, 2. 
Proof. Set £ = (fif) : i, j = 1, 2, • • • ,n; k = 1, 2}. Clearly = &^!»L, which is equal 

I, J ' l,J 4 

to a(AY%) by Lemma I3T1 That is, Bfj is a maximum-size independent set of AY\. Next for 
any maximum- size independent set / of ATj r it suffices to show that /eS. 

Define a homomorphism (p from AT,, to AY 2 n as = (g,g). Without loss of generality, 
we may assume that the identity Id = (id, id) e I. By Proposition !!.!! Lemmas [3.11 and IX2l 
/<* is a maximum independent set of AY n . So P ' = jge A„ : if = j } for some z , Jo by 
Proposition O Since id = (Id) r e I*~ , I*~ = {g e A n : j'q = /o} for some j'q. Therefore 
/□/o:= = e A\ : = z }. Next we shall show that I € Sby the following 

four Claims: 



Claim 1. For any (gi,g 2 ) e I, either z'^ 1 = i or i s Q 2 = i . 

Suppose on the contrary that i g Q ' ± i and i g Q 2 4- z . By Lemma 1231 there exists a g e A n 
such that g e A^r„(gi) n NAr n (gz)- That is, there exist Si, j 2 g £„ such that g = s^gi = s 2 g2- 

If = z' , then (g,g) e I Q c I and {(g,g), (gi,g 2 )} 6 S(AT^), which contradicts the fact 
that (g u g 2 ) e / and / is an independent set. 

If i* * z , select ajel\ {z , if , % > % > z o • z o * 2 } * fa > V). Set 

g' = 0"o,io J)g, s[=(io,i 8 J)s u s' 2 = (i ,i 8 ,j)s 2 . 

Thus i* = z' , g' = s[gi = s' 2 g 2 and s[, s' 2 e £„ by j e X \ {i ,i 8 ,i^,i S2 ,i Q 1 ,z' 2 }. So 
(g',g') e/ c/ and{(g',g'), (gi^gi)} s ii(Ar^), which as above yields a contradiction. 
Hence Claim 1 holds. 



Set 



Jo = {(gugi) 6 A^ : & 1 = z' and z'^ 2 = z }, 



;£2 _ 
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h = {fa, £2) e A 2 n : if ± i and if = i }. 
Clearly |7 | = \J,\ = \J 2 \ = fc!2Jz!£ 

Claim 2. Ar^[7i U J 2 ] is connected, where ATl[J\ U 7 2 ] denote the induced subgraph 
of AT 2 n by 7i U/ 2 . 

For any (cti, cr 2 ), fa, r 2 ) e 7i, clearly they are not adjacent in AT 2 n . By Theorem I2.6L 
there exists a fa, ft) e A* such that {(en, cr 2 ), fa, ft)} and {fa, r 2 ), fa, ft)} e E(AT 2 n ). That 
is, there exist Si,s 2 ,h,t2 e £ M such that ft = sicri = z^n, ft = s 2 cr 2 = ? 2 r 2 . Clearly 

;fl _ ,-vio-! , • 
Z _ Z ^ °' 

If z'£ 2 = j'o, then fa, ft) e 7 2 . 

c -i c _1 v _1 c^'r 1 

If z'^ 2 * z' , then select ajel\ {/ , z^ 2 , z'* 2 , z'[ 2 , z^ 2 2 , z^ 2 2 } £ (n > 7). Set 

?2 = 0'o>*o *2 = 0o>*o >/) s 2, *2 = 0o,*o >./)*2- 

Thus and z 2 = z , ^ = s' 2 (t 2 = t' 2 r 2 and s' 2 , f 2 e £„ by / e X \ {z , z 2 , z'* 2 , z 2 , z 2 2 , z 2 2 }. 
So fa,<r 2 ) e 7 2 and{fa 1 , ( r 2 ),fa,^)},{(Ti,T 2 ),fa, ?2 )} e^AT^/! U7 2 ]). 

Similarly, for any fai , cr 2 ), fa , r 2 ) e 7 2 , their exists fa , ft) e 7i such that {fai , <x 2 ), (ft , ft)}, 
{fa,r 2 ),(ft,ft)}e J E(Ar2[7 1 U7 2 ]). 

Hence Claim 2 holds. 

Claim 3. Either I n 7i = or 7 n 7 2 = 0. 

Suppose on the contrary that 7 n 7i ^ and 7 n 7 2 ^ 0, consider the following two 
possible cases: 

Case 1. / n 7i = 7i or / n 7 2 = 7 2 . 

Since / n (7i U 7 2 ) is an independent set, this case cannot happen. 
Case l.InJxQJi and I D J 2 c J 2 . 

It is easy to see that AT^[7i U 7 2 ] is a regular bipartite graph whose partition has the 
parts 7i and 7 2 with |7i| = |7 2 |. By Claim 2 and Lemma [3731 we have 

|/n7!|< 1^^(70701. 

Since 7 n (7i U 7 2 ) is an independent set, we have 

7n7 2 c7 2 \/V Ar 2 [7lU/2] (/n7 1 ) 

=> lA^^u/jC/n JOl + l/n/zl < I/2I 
=> |/n7 1 | + |/n7 2 | < |7 2 | 
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By Claim 1,1 = U/Lo(^ n -A')- Since 7, (i = 0, 1, 2) are pairwise disjoint, we have 

|/| = l/n/ol + l/n/xl + l/n/zl 
< \Jo\ + |7 2 | 

(n-l)! 2 (n-l)(n-l)! 2 

4 + 4 

(n-l)!n! 

4 

which is a contradiction, since |/| = by Lemma[3J] Hence Claim 3 holds. 

Claim 4. Either / = 7 U 7i or / = 7 U 7 2 . 

By Claim 3, either / n J x = or / n 7 2 = 0. If / n 7i = 0, then we have 

(n-l)!n! (n -l)\n\ 

y - — = \l\ = \l n J \ + \i n 7 2 | < |7 | + 17 2 | = i — ^— 
=> / n 7 = 7 , / n 7 2 = 7 2 . 

So/ = uLan7) = 7 u7 2 . 

Similarly, if / n 7 2 = 0, then / = 7 U 7]. Hence Claim 4 holds. 
By Claim 4, we have I e B, which conclude the proof. ■ 

Lemma 3.5 [2j Let Y be a connected d-regular graph on n vertices and let d = /ii > // 2 > 
• • ■ p n be the eigenvalues of the adjacency matrix ofT. If 

<*(o _ -n„ 

n d-Hn 

then for every integer q > 1, 



n q d - p n 

Moreover, ifY is also non-bipartite, and if I is an independent set of size -r^-n q in Y q , then 
there exists a coordinate i e [1, 2, • ■ ■ , q) and a maximum-size independent set J in Y, such 
that 

I = {(v u ---,v q eV(Y q ):veJ}. 

Lemma 3.6 [[751 Let Y be a connected, non-bipartite vertex-transitive graph. Suppose that 
the only independent sets of maximal cardinality in H 2 are the preimages of the independent 
sets of maximal cardinality in Y under projections. Then the same holds for all powers of 
Y. 
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Proof, (of Theorem ll.2l) . For n = 5, 6, it is easy to see that AY n is connected, non-bipartite 
and e(n)-regular graph with e(5) = 24 and e(6) = 130. Moreover, a Matlab computation 
shows that the least eigenvalue of the adjacency matrix of Ar 5 and AY^ are -6 and -26, 
respectively. Thus the assertion holds by Lemmas [3.11 and [331 

For n > 7, combining Proposition ll.il Lemma [3~4l and [3T6l the assertion holds.H 

Corollary 3.7 Let a>(ATl) andx(AT%) denote the clique number and chromatic number of 
ATI in > 5). Then we have 

aj(ATl) = x(ATl) = n. 

Proof. By ifToll . we have co(AT n ) = n. Let {o-\,o-%, ■ ■ ■ ,cr n } be a clique of AT,,. Then 
clearly {(cri, ct\, - • ■ , cr{), (ct 2 , cr 2 , • • • , cr 2 ), • • • , (cr n , cr n , • • • , cr„)} is a clique of AT^. So we 
have co(ATl) > n. On the other hand, by Theorem 11.21 we know that the independence 
number a(AY q n ) = . By Corollary 4 in [3|, we have to(AYl)a(AY q n ) < \V(ATt)\, that 

is a)(AYf r ) ■ (w " i y 1 < ^, so (oiAYt) < n. Thus u{AT q n ) = n. 

In addition, by Corollary 6.1.3 in 10, for any Cayley graph T := T(G, S), if 5 is 
closed under conjugation and a(T)u)(T) = \V(Y)\, then^(r) = co(Y). Note that for ATI = 
T(A q n ,S q n ), S q n is closed under conjugation and a{AY^j)io{AY q n ) = |V(Ar^)|. Hence xiATl) = 
a)(ATt) = n.M 

4 The automorphism group of AY q n 

In this section, we completely determine the full automorphism group of AY q n (n > 5). First 
we introduce some definitions. Let Sym(Q) denote the set of all permutations of a set CI. 
A permutation representation of a group G is a homomorphism from G into Sym(Q) for 
some set Q.. A permutation representation is also referred to as an action of G on the set Q, 
in which case we say that G acts on Q. Furthermore, if {g e G : x g = x, Vx 6 Q} = 1, we 
say the action of G on Q. is faithful, or G acts faithfully on Q.. 
Next we need the following known results: 

Proposition 4.1 [74] Let G q = GxGx---xGbe the external direct product of q copies of 
the nontrivial group G.IfG has the following properties: 

(i) the center Z(G) ofG is trivial; 

( ii) G cannot be decomposed as a nontrivial direct product. 
Then Aut(G^) = Aut(G) lS q . 
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Proposition 4.2 [77] Let N Au t(r(G,s)(R(G)) be the normalizer ofR(G) in Aut(T(G, S )). Then 

N AumG ,S)(R(G)) = R(G) x Aut(G,S) < Aut(r(G,S)), 
where Aut(G,S) = {<p e Aut(G) : = S}. 

Lemma 4.3 Define the mapping <p k : A q n — > A q as {o~\, ■ • ■ , cr k _x, o~ k , o~ k +\, • • • ,cr q y k = 
(cr u ---,o- k _ u o--\o- k+u ---,o-g)fork= 1,2, q. For n > 5, 

(R(A q ) x (hm(S n ) lS q ))x Z q < Aut(AI^), 

where Inn(5„) = S n and Z q = (np{) x ((p 2 ) x • • ■ (ip q ). In particular, |Aut(AI^)| > \{R{A q n ) x 
ann(S n )lS q ))xZ q 2 \ = q\nl 2 i. 

Proof. By Proposition 12.11 and 14 . 1 [ we have 

Aut(Ag,£*) = {0 e Aut(A*) : (fig)' = fig} 
= {0eAut(A„)^ ? : 
= rnn(S„) ? Sg. 

Using Proposition H21 we obtain 7?(Ag) x (Inn(S„) ? 5 ? ) < Aut(Alt). 
Next we show that tp k is an automorphism of Arg. 

{(o-j, • • • , o- k , ■ ■ ■ , o- q ), (ti, • ■ • ,r k , ■ ■ ■ , r q )} e E(AT q n ) 
& Vi e {1, 2, •••,n},Vfce {1,2, ••-,#}, f k * f k 
o V * e {1, 2, •••,n},V£e {1,2, ••-,<?}, (i^'Y * (f^T 



-i 



<=> V i 6 {1, 2, • ■ • , n}, V k £ {1, 2, • • • , q}, i±i° 
« Vie {l,2,---,n},V£e {1,2,---,^}, f*" 1 * 

{(o-i, "'jCj','"! £r,), (ti, • • • , r^ 1 , • • • , r q )} e E(AT q ) 
» {(o-u ■ ■ ■ , <r k , ■ ■ ■ , or q T, (n, • • • ,T k , ■ ■ ■ , T q T] e E(AT q n ). 

It is easy to see that ip k <£ R(A q ) and ip k £ Inn(5„) I S q . Hence 

(R(A q n ) x (Inn(5„) l S q )) *Z q < Aut(A^), 

where Z q = (tp\) x ((p 2 ) X • • ■ (<p q ). The assertion holds. ■ 
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Lemma 4.4 Let S = {Bf], i,j = l,2,---,n;k=l,2---,q}, where Bf) = {(en, cr 2 , • • • , cr q ) 6 

I, J I, J t 

A q n : f k = j}. Then the action o/AuuAr^) on & can be induced by the natural action of 
Aut(AI^) on A q n , and is faithful. Furthermore, any <p e Aut(AI^) is a permutation ofS. 

Proof. Obviously, any (p e Aut(AI^) maps a maximum- size independent set of AT% to 
a maximum-size independent set of AY q . So by Theorem 1 1.21 for any B ih) e & and cp e 
Aut(I^), we have fijf gS. 

Next we show that if e Aut(AI^) satisfies B^.* = B {k) . for each B (k) . e S, then <p is the 
identity map. In fact, clearly, 



q n 



V(o- u 0-2, • • • , o~ q) e Al {(o-uo-2, • ■ • , cr q )} = f]f] B%. 



k=\ i=l 



So 



q n 



[{o- u cr 2 ,---,o- q )1 > } = (P|P|^) 

k=\ i=l 



k=l (=1 

q n 

(k) 

k=\ i=l 



k=l i=l 

{(o-i,o- 2 ,---,o- q )}. 



Thus (p is the identity map. 

For any Btf e £ and cp e Aut(Ai^), we have 



• l(s<><)/l>^|" ! '"' 



M i ,j 21 

Thus is a permutation of S. ■ 

Lemma 4.5 n i = if and only ifk = k' and exactly one ofi = i and j = f holds. 
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Proof. If k = k' and exactly one of i = i and j = f holds, then fifj n B? j = 0. 
If k ± k', then \Bf. n Bf) \ = ^ ,cr 2 , - • • ,cr q ) e A q n : = j, {"*' = j'}\ = 

>J I ,J 

Ifk = k',i = i and / = j, then B (k) = B$l, so B (k) n B (k '\ * 0. 
If = k' , i ± i and j + j , then 

\Bf> HBf}\ = {{cr Y ,a 2 , ■ ■ ■ ,cr q ) e A q n : f k = ^ = /}| = 
Thus the assertion holds. ■ 



Lemma 4.6 Let B (k) = {B (k) .,i,j = 1,2, •••,«}, k = 1,2,- ■■ ,q. For any (f> e Aut(Ar*), 
e S w ™c/i thatBff e if and only ifBff e 8 (k '^ for any B® e S w . 

Proof. Suppose on the contrary that there exist two distinct Bfj, B (k \, e B {k) such that 

BP* e &k') , 5 w/ eS (*'') wither. 

Since B (k ) * B (k) .,, we have \B (k ) n B ( f°,| = or by using Lemma 1431 and its 

proof. So 

2(n - \)lnl q - 1 2(n - l)!^!^- 1 - (ti - 2)!r!' ? - 1 
= or . 

2i 21 

On the other hand, 



B 



tfeB^KBf/eB^Hk'tk") => |i?f> WV| = 



2i 



i,i i'j 1 21 
which is a contradiction. Thus the assertion holds. ■ 



Lemma 4.7 LetKf = [B%B%--- ,B%] andCf = {fig, fig, • • • , flg}, * = 1,2,-,* 
Then for any x\, x 2 , ■ ■ ■ , x„ e S, we /zave 

jci U jc 2 U • • • U x„ = A q n 

if and only if there exist some k e { 1, 2, • • • , q] and some i or j e {1, 2, • • • , n) such that 
{x u x 1 ,---,x n } = nf orCf. 
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Proof. Clearly if {x\, x 2 , ■ ■ ■ , x n } = or C. for some k e {1,2, •••,<?} and some / or 
j e {1,2, • • • ,n}, then x\ U x 2 U • • • U x n = A q n . 

Assume that x\ U x 2 U • • • U x n = A q n . Since Vz, \x t \ = (n ~ l) ^ [q ' and |A^| = we have 
Xj n jc 7 = 0, V/, j, / ^ j. Applying Lemma [431 we obtain [xi, x 2 , ■ • ■ , x„) = or Cj\ ■ 

Lemma 4.8 Let Q = {C (k \'R {k) ,i,j = 1,2, •■•,n; k = 1,2,- •• ,q}. Then the action of 
Aut(Ar^) on Q can be induced by the action of Aut(Ar^) on S in Lemma \4.4\ and it is 
faithful. Furthermore, any (p € Aut(AI^) is a permutation ofQ. 

Proof. First for any e D. and <p e Aut(AI^), we have 

B$* U flg' U • • • U flg* = (Bfl Ufl»U-U flg)' = (A*)* = Al 

So by LemmaEH we have 9®* = {flg*. flg*. • • • , flg*} e Q. 

Similarly, for any Cf 6 Q. and 6 Aut(Ar*), we have Cf* e Q. 

Assume that e Aut(Ar^) satisfies K {k) * = <Rf and Cf * = Cf for any ij e 
{1,2, • • • , n} and k e {1,2, • • • , q). Then it suffices to show that </> is the identity map. 

Since for any fl® e S, we have = (K« n CfV c n cf* = f& n Cf = 

{Bfj}, By Lemma I4~4l the action of Aut(Ar^) on S is faithful. Thus (p is the identity map. 

For any u^^efl and e Aut(Ar^), 

IQ\ ± 0)2 <=> \o)\ U <x> 2 \ > n 

<=> K^i U o^l > « 

<=> \co\ U Wjl > n 
<=> * c^2- 

Thus is a permutation of Q. ■ 



Lemma 4.9 Ler = {ftf \ <Rf, • • • , ftf}, C w = {Cf, Cf, • • • , Cf } and Q (k) = K (k) U 
C w , k = 1, 2, • • • , a. For a/ry (f> e Aut(AT^), the following (i)-(iii) hold: 

(i) There exists a cr e S q such that = Q^, k = 1,2, • • • ,q. 

(ii) There exists some 1lf e <R ik) such that<R.f )<P e if and only ifRf" e ^ for 
anyHf en ik) \ 

(Hi) There exists some Kf e ft (k) such that <R ik) * e C (k ' ] if and only ifKf* e C (k ' ] for 
anyKf eK {k \ 
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Proof, (i) By Lemma 1461 for any k e {1,2, • • • ,q] there exists a I G {1,2, • • * ,q} such that 
&k)# = Moreover, if k * k' , then by Lemma ECU we have $ {k) * ± & k '^. Thus there 
exists a a e S q such that = S^, k = 1,2, • • • , q. By Lemma [4T8l the assertion holds, 
(ii) First by (i), there exists some Hf e <R {k) such that nf* e Q ( *' } if and only if 

Suppose on the contrary that there exist i) e {1, 2, • • • , n} such that 'R^ ^ e'R {k ) 



and <RfeC {k) 



Note that 



<RfnCf = {Bf j }foranyi,j. 

Then 

/ ,6 j => ftf> n ftf = => ^ U <Rf\ = 2n^ \nf* U = |CRf U Kf)*] = In. 

On the other hand, 

e e C (t') ^ y*d* n = ! ^ u flee#| = 2n - 1, 

which is a contradiction. Thus the assertion holds, 
(iii) The proof of (iii) is similar to that of (ii). ■ 

Lemma 4.10 For n>5,we have 

|Aut(AT*)| < q\n? q . 

Proof. By (i) of Lemma \4~9l for any e Aut(AT^), there exists a cr e S q such that 
^ = Q(*°") (fc = 1 , 2, - • • , Using (ii) and (iii) of Lemma 14.91 we obtain the following 
disjoint alternatives: 

(i) = <R^ and C m * = C 9fr) ', 

(ii) ^ = C ( ^and c« = ^ } . 

So Aut(Ar^) = LUsJ0 e Aut(Art) : = fc = 1,2, • • • ,q}. Hence, if we can 
prove the last two inequalities, then we have 

|Aut(Ar*)| < ^ ? WeAut(AO:fi (i) * = Q^\k = 1,2,- ■ ■ ,q}\ 

< XcresFliiM e Aut W) : K®' = f*T>, C^* = C^}\ + 

U e Aut(Ar;0 : = C ( ^, C« = ^}|) 

< ^ s nl 1 (— + —) 



qln\ 2q . 
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Now we show that 

U e Aut(AH) : <R^ = <F^\ C ik)(p = C^}\ < ^, 

U 6 Aut(AH) : = C ik) * = < ^. 

Indeed, for any e Aut(Ar*) such that 1i {k) * = <R {k *\ C {k) * = define fafa e S„ 
as /< ; . - K iH , Lj - C Jt2 . 

Since {Bf} = n Cf)* C n Cf = n c£> = {B%], 2 }, we have 

{(1, 1, • • • , 1)*} e (f| Bfr c f] if ' = f) B%1 = {( Tl , r 2 , • • • ,t,) e A* : = tffr}. 

i=l i=l i=l 

So (1, = (t 1 ,---,i>_i,0-V2,i>+i • • -,T q ) eA q n , which implies that cf)~ l (p 2 e A„. 
Thus 

|{0 6 Aut(A^) : = K^, C w0 = C (n }| 

= u e Aut(A^) : *»' = C {k) * = C (r) , 0lV 2 6 A„}| 

n! 2 
< — . 
~ 2 

Similarly, 

U 6 Aut(AT*) : C w0 = = <R ( ^}\ < ^. 

Thus the assertion holds. ■ 

Proof, (of Theorem O). By Lemma 031 we have |Aut(AOl > <?!«! 2<? . On the other 
hand, by Lemma|4T0l we obtain |Aut(Artl < qln\ 2q . Hence |Aut(Alt)| = qlnl 2q , and by 
Lemma [4~3| again, the assertion holds. ■ 
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